We study the existence and stability of cnoidal periodic wave arrays propagating in uniform quadratic nonlinear media and discover that they become completely stable above a threshold light intensity. To the best of our knowledge, this is the first example in physics of completely stable periodic wave patterns propagating in conservative uniform media supporting bright solitons. However, to date stable periodic patterns are only known to occur in physical settings modeled by self-defocusing nonlinearities [3] [4] [5] 7, 8, 13] , in systems trapped by
external potentials, like Bose-Einstein condensates in periodical traps [11] , or in dissipative systems, like optical cavities. To the best of our knowledge, all previous examples of periodic (or cnoidal) waves in conservative uniform medium with selffocusing nonlinearity supporting bright solitons are dynamically unstable. Therefore, albeit some strategies to reduce the instability strength have been put forward recently, no examples of completely stable cnoidal waves are known in self-focusing media.
In this Letter we report the existence of the first known example of such stable cnoidal wave families. We discovered them in quadratic nonlinear media. Thus, they are multicolored and sustained by nonlinear cross-phase-modulations induced in parametric wave-mixing processes. Similar to the cnoidal waves existing, e.g., in selffocusing cubic nonlinear media, many cnoidal waves supported by quadratic nonlinearities suffer from modulational instabilities and thus self-destroy. However, we found that above a threshold field intensity the growth rate of the instabilities that affect so-called cn-type cnoidal waves suddenly vanishes completely, thus turning the cn-waves totally stable. Such unconditional stability was revealed by a mathematical formalism put forward to elucidate the linear stability of the cnoidal wave solutions, and was confirmed by direct numerical simulations in the presence of multiplicative broadband random initial perturbations.
Here we address the case of spatial light trapping in one-dimensional phasematched second-harmonic generation, where a fundamental frequency wave (FF) and its second-harmonic (SH) interact with each other, but the concept is expected to hold in more general physical geometries and settings. The propagation of the corresponding slowly-varying envelopes under conditions for non-critical type I phasematching is described by the system of reduced equations [14] [15] [16] [17] . However, whole families of solutions must be obtained numerically [18] . Here we concentrate on two simplest types of cnoidal waves defined by their dn-and cn-type [18] . In the high-energy, or high-localization limit, cn-type waves transform into arrays of out-of-phase bright solitons, while dn-type waves transform into arrays of in-phase bright solitons. In the low energy limit, dn-type waves transform into plane waves, whereas cn-type waves transform either into plane or small amplitude harmonic waves depending on the phase mismatch sign. Numerical simulations indicate that many of the stationary solutions, including all the solutions obtained analytically [17] , destabilize and decay [18] , but the stability properties of the entire families is unknown. However, the mathematical techniques commonly used to elucidate the linear stability of localized single soliton solutions (see [16] ) are inapplicable to the cnoidal waves. Therefore, here we elaborate a new mathematical formalism put forward to elucidate the stability of such solutions for different degrees of localization. We thus seek for perturbed solutions of Eqs. (1) in the form: 
, where δ is the complex growth rate. Substitution of (2) into (1) and linearization around the stationary solutions yields equations
, ,
for the perturbation vector
where O and E are zero and unity 4 4 × matrices, respectively. The general solution of Eqs. (3) can be expressed in the form ( )
The Cauchy matrix defines the matrix of translation of the perturbation eigenvector Φ on one wave period, as
It was rigorously proven in Refs. [13] that the perturbation
is finite along the transverse η -axis when the corresponding eigenvalue of the matrix of translation satisfies the condition 1
This condition thus defines the algorithm to construct the areas of existence of finite perturbations. The eigenvalues k λ are given by the characteristic polynomial
, which is independent on η . The coefficients of the polynomial are given by traces 
, and the corresponding eigenvectors fulfill the symmetry relations:
The eigenvalues of the translation matrix satisfying 1
and the Cauchy matrix writes 
. Our method is advantageous in comparison with standard eigenvalue solvers since only 8 8 × matrices are required for construction of areas of existence of finite perturbations.
The only time consuming part is the calculation of the translation matrix ( ) η P .
First we apply the method to dn-waves. We searched for all types of perturbations with general complex growth rates, and scanned the whole δ -plane with fine meshes (typically the step in the modulus of δ was 0.001 and the step in it is asymptotically suppressed in the high-energy limit, when the dn-wave transforms into an array of in-phase bright solitons. We did not find perturbations with complex δ (corresponding to oscillatory instabilities) in the case of dn-waves. The typical destabilization of a perturbed dn-wave is shown in Fig. 1(f) . The instability of dnwave always manifests as fusion of neighboring peaks. Similar results were obtained for all values of the propagation constant at different phase-mismatches inside the interval investigated, namely 20 20 β − ≤ ≤ . Therefore we conclude that the entire families of multicolored dn-waves are unstable.
Next we consider cn-waves. On intuitive grounds, such waves are expected to be more robust than the dn-waves because of the alternating phase of the FF, hence neighboring peaks might tend to repel each other and thus a stable balance might be possible. Still, such is not the case, e.g., in self-focusing cubic Kerr-type nonlinear media where the cn-waves are unstable, too. The central result of this Letter is that such stable balance does occur with multicolor cn-waves, as shown in Figs 2(e)-(g).
The intrinsically saturable nature of quadratic nonlinearities appears to be important to such stabilization, thus similar results might occur in other systems modeled by saturable nonlinearities. The areas of existence of finite perturbations with imaginary growth rates for cn-waves ( Fig. 2(d) ) are analogous to that for dn-waves ( Fig. 1(d) of low-energy cn-waves is shown in Fig. 3(a) . Beyond the point of spontaneous onset of the instability, the wave is rapidly destroyed. In clear contrast,
illustrate the stable propagation of perturbed cnoidal waves for several values of phase mismatch and energy flow. The cnoidal waves kept their input structure for all the monitored propagation distances, in some cases over several thousand units.
revealed the existence of completely stable patterns in the form of cn-waves. From an applied point of view, such patterns of periodic pixel-like structures can find applications, e.g., in the study of complex light patterns generated by modulational instabilities, or in the implementation of digital image processing schemes based on soliton-like arrays [19] . From a fundamental viewpoint, we stress that the reported multicolor cn-waves are the first known example in physics of stable periodic waves propagating in a conservative uniform medium supporting bright solitons. 
